Abstract: We theoretically investigate the transmission properties at an interface between a dielectric and a lossy single-negative (SNG) material. The transmission property is specifically investigated in the refractive angle calculated by the inhomogeneous wave theory. With the existence of a loss in an SNG material, the calculated refractive angle can be negative. That is, the negative refraction phenomenon, which is an important consequence in a double-negative (DNG) material, can also be found in an SNG material. We analyze the refractive angle as functions of the angle of incidence, the wave frequency, and the loss. For the epsilon-permittivity SNG material, the frequency-dependent negative refractive angle is shown to possess a critical frequency at which the absolute value in the negative refractive angle attains a maximum.
Introduction
A material with simultaneous negative permittivity and negative permeability was first theoretically studied by Veselago early in 1968 [1] . Today, it is called a double-negative (DNG) material. We also refer it to as a metamaterial (MTM) because it is an artificially and effectively homogeneous structure [2] , [3] . A DNG medium was first experimentally realized by Smith et al. at the University of California, San Diego, CA, USA, in 2000 [3] . One of the most fundamental consequences in a DNG material is that its corresponding refractive index is negative. As a result, a DNG material is known as a negative-index material (NIM) [4] . Thus, when a light is refracted from an ordinary positive-index medium (PIM) to a DNG medium, the refractive angle must be negative according to the Snell's law of refraction, that is, the incident light and the refracted light are on the same side of the normal of plane boundary. This phenomenon is the so-called negative refraction (NR), which is a fundamental wave characteristic for a DNG media. Experimental verification of this NR in a DNG has been available in 2001 [5] .
An MTM may not be DNG but may be single-negative (SNG). SNG materials are classified into two types. One is called an epsilon-negative (ENG) material with negative-"=positive-. The other with positive-"=negative-is called a mu-negative (MNG) material. The first ENG and MNG media were proposed by Pendry [6] , [7] . The structure of an ENG material is a periodic structure made of metallic thin wires (TWs) [6] . The MNG material is also a periodic structure constituted by split-ring resonators (SRRs) [7] . In theory, the MTMs, including DNG and SNG materials, have to be dispersive according to the entropy condition [2] . Additionally, with the requirements of Kramer-Kronig relations, the MTMs are definitely lossy [2] .
The purpose of this paper is to theoretically investigate the phenomenon of NR at the interface between a dielectric and an SNG material. Although we have known that the NR is a direct consequence of the DNG materials, it is also expected to occur even in the SNG materials. Indeed, the phenomenon of NR can be seen in the ordinary ENG medium like metals [8] - [12] . In [10] and [11] , the NR is found at the boundary of air and silver for visible light of different wavelengths. In [8] , the authors experimentally discovered the NR when a visible light is passing from silver to gold at a certain angle of incidence. According to these reports, the metallic loss plays a vital role in order to lead to the result of NR. It means that at least one of the two different media must be lossy when a boundary is formed by these two media. This criterion has later been theoretical treated by Fedorov and Nakajima [13] . In fact, the loss factor in the SNG materials has also been shown to play an important role in the photonic band structure for an SNGbased photonic crystal [14] - [17] .
We shall investigate the NR at the interface between a dielectric and an SNG material. Here, both ENG and MNG materials will be respectively considered. The phenomenon of NR will be studied based on the negative refractive angle calculated by making use of the inhomogeneous wave. The dependences of NR on the angle of incidence, the wave frequency, and the loss factor will be numerically illustrated.
Basic Equations
We first describe the electromagnetic parameters for the SNG materials. First, we adopt the temporal part of the field to be expði!t Þ. In an ENG material, the permittivity is described by the Drude model and the permeability is taken to be a constant, namely [17] " ENG ð!; e Þ ¼ "
Similarly, for an MNG material, the permeability also has a Drude-like from and permittivity is constant, that is [17] 
Here, ! ep and ! mp are, respectively, the electric and magnetic plasma frequencies. e and m respectively denote the electric loss and magnetic loss, and A and B are two positive constants. For an ENG material, " 0 ENG G 0, the frequency must satisfy
according to (1) . Here, ! e;th is the electric threshold frequency, which is equal to the plasma frequency ! ep in the absence of loss. As for an MNG material, it is seen from (2) that to have 0 MNG G 0 the frequency must be less than the magnetic threshold frequency ! m;th , i.e.,
With (1) and (2), the corresponding refractive indices of ENG and MNG materials are, thus, given by
Let us now consider the refraction problem shown in Fig. 1 , in which a wave is incident from the air onto an SNG material occupying z > 0 (Without loss of generality, we have taken the dielectric as air). Vectors, S i and S t , represent the time-averaged Poynting vectors for incident and refracted waves, respectively. The incident and refractive angles are denoted by i and t , respectively. For t > 0, we have the normal refraction. In this case, S i and S t are not on the same side of boundary normal (z axis), as shown in Fig. 1 . If t G 0, then the NR occurs and S i , S t are on the same side of the normal. In the analysis that follows, we shall investigate the NR based on the sign of t . The analytical expression for t will be derived based on the inhomogeneous wave theory [13] . First, the wave vector in the SNG layer is expressed as
where is the wavelength in vacuum, and the unit vectork t is written bŷ k t ¼x sin t þẑ cos t :
Equation (7) indicates that the wave in the SNG medium is inhomogeneous [13] . Here, both sin t and cos t can be obtained from the Snell's law of refraction, n i sin i ¼ ðn 0 S À in 00 S Þsin t , from which see that sin t must be complex-valued, namely
Then
where c and d are related to a and b by
With (8) and (9), the unit vectork t in (7) is also complex-valuedk t ¼k
It is clear from (8) and (9) that the refractive angle is complex and thus is not a real refractive angle. The real refractive angle t can now be determined by the transmitted Poynting vector S t . Fig. 1 . Refraction at the interface between the air and an SNG material. The refractive angle shown is defined to be positive, i.e., t > 0. Negative refraction occurs when the refractive angle is found to be negative, i.e., t G 0.
Consider first that the incident wave is s-polarized (TE wave), the electric field and magnetic field in the SNG region are expressed as 
where 0 ¼ 377 is the free-space wave impedance. The time-averaged Poynting vector is calculated to be
Equation (14) enables us to redefine the real refractive angle as
Similarly, when the incident wave is a TM mode, the refractive angle is found to be
Equations (15) and (16) agree with those in [12] . It is seen from (15) that the TE-wave refractive angle is always positive because both the numerator and denominator are positive. That is, the phenomenon of NR cannot occur when the incident wave is a TE mode. However, for the TM wave, (16) apparently indicates that the refractive angle t can be negative since there are two minus signs in the numerator and denominator. The following numerical analyses on the NR will be made based on the use of (16).
Numerical Results and Discussion

Negative Refractive Angle at Air/ENG Interface
The material parameters used in the ENG and MNG materials are ! ep ¼ 10 GHz, ! mp ¼ 17:3 GHz [17] , and A ¼ B ¼ 3. In the first part, the SNG material in Fig. 1 will be taken to be an ENG one. In Fig. 2 , we plot the refractive angle t as a function of the incident angle i for an ENG material at six different electric losses, e =2 ¼ 0, 0.2, 0.4, 0.6, 0.7, and 0.8 GHz (curves 1-6, respectively) for two distinct fixed frequencies: !=2 ¼ 1 and 1.2 GHz. It is found that the NR angle equals to 90 for all angles of incidence in the lossless case of e =2 ¼ 0 GHz (curve 1) for both frequencies, !=2 ¼ 1 and 1.2 GHz, respectively. In the presence of loss, the phenomenon of NR emerges and the refractive angle is a decreasing function of i . That is, the absolute value of negative refractive angle will increase as the incident angle increases. Increasing the loss will decrease the absolute value of the negative refractive angle. In addition, the decreasing trend at !=2 ¼ 1:2 GHz is faster than that of !=2 ¼ 1 GHz at relatively lower electric loss, e =2 ¼ 0:2, 0.4, and 0.6 GHz (curves 2-4). However, as for the higher electric loss, e =2 ¼ 0:7 and 0.8 GHz (curves 5 and 6), the decrease at !=2 ¼ 1:2 GHz is slower than that of !=2 ¼ 1 GHz.
The frequency-dependent refractive angle is plotted in Fig. 3 , in which five different incident angles, i ¼ 10 , 20 , 40 , 60 and 80 (curves 1-5, respectively) at two distinct electric losses, e =2 ¼ 0:8 and 0.6 GHz, respectively. In this case, a nonmonotonic decreasing trend in the refractive angle t versus frequency is seen. The overall absolute values in t will be increased as the angle of incidence increases. It can be seen that the decreasing trend in the NR angle at e =2 ¼ 0:6 GHz is faster than that of e =2 ¼ 0:8 GHz. Interestingly, at e =2 ¼ 0:8 GHz, there exists a dip in the NR angle and it is nearly independent of the angle of incidence. This dip frequency can be defined as a critical frequency at which the absolute value in the refractive angle attains a maximum. When the incident angle and the loss are fixed, the condition for obtaining the critical frequency is @ t =@! ¼ 0. Thus, with (16), a relationship determining the critical frequency can be obtained, namely
It is worth noting that an explicit expression for the critical frequency is difficult to obtain because all the variables, n 0 S , n 00 S , a, b, c, and d in (17) are functions of frequency !. However, equation (17) enables us to numerically determine the cutoff frequency. In Fig. 3 , for e =2 less than 0.6 GHz, the dip position in the NR angle is extensively shifted out of the ENG frequency domain. Conclusively, in the frequency of interest in Fig. 3 , to investigate the dip position in NR angle, it is better to choose the condition of e =2 > 0:6 GHz.
To further investigate the role played by the loss in the behavior of NR, in the left panel of Fig. 4 , we plot the refraction angle t as a function of e =2 for six different incident angles, , and 80 (curves 1-6, respectively) at !=2 ¼ 1 GHz. It is of interest to note that the magnitudes of NR angle increase as a function of e =2. At t ¼ 10 (curve 1), the magnitude of NR angle initially increases quickly from e =2 ¼ 0 to 0.3 GHz and then increases slightly as the electric dissipation coefficient increases up to 0.8 GHz. At a fixed loss, the absolute value in t will be enhanced as incident angle increases. For incident angle larger than 60
, the magnitude of NR angle is almost linear with e =2. For a comprehensive view, a 3-D plot, including the results of Fig. 3 and the left panel of Fig. 4 , is shown in the right panel of Fig. 4 , in which the incident angle is fixed at i ¼ 60 .
Negative Refractive Angle at Air/MNG Interface
In the second part, the SNG material in Fig. 2 will now be taken as an MNG one. In Fig. 5 , we plot refractive angle t as a function of incident angle i for six different losses, m =2 ¼ 0, 0.2, 0.4, 0.6, 0.7, and 0.8 GHz (curves 1-6, respectively) at two distinct frequencies, !=2 ¼ 1, and 1.2 GHz. The same as the ENG material in Fig. 2 , the NR angle equal to 90 when magnetic loss is absent m =2 ¼ 0 GHz (curve 1) for both frequencies, !=2 ¼ 1, and 1.2 GHz. The dependence of refractive angle on the incident angle is similar to that in Fig. 2 . As the magnetic loss appears, the overall absolute values in t will be decreased as magnetic loss increases. Moreover, the decreasing trend at !=2 ¼ 1 GHz is faster than that of !=2 ¼ 1:2 GHz for all losses.
Next, in Fig. 6 , we plot the refraction angle t as a function of the frequency !=2 for five different incident angles, i ¼ 10 , 20 , 40 , 60 , and 80 (curves 1-5, respectively) at two distinct magnetic losses, m =2 ¼ 0:8 and 0.6 GHz, respectively. In this case, the nonmonotonic trend in Fig. 3 is no longer seen. The overall absolute values in t will be increased as the angle of incidence increases. It can be seen that the variation trend in NR angle at m =2 ¼ 0:6 GHz is faster than that of m =2 ¼ 0:8 GHz.
The same as the ENG material in Fig. 4 , in Fig. 7 , we plot the refraction angle t as a function of the magnetic loss for six different incident angles, i ¼ 10 , 30 , 50 , 60 , 70 , and 80
(curves 1-6, respectively) at !=2 ¼ 1 GHz. It is of interest to note that the magnitude of NR angle decrease as the loss m =2 increases. The overall behaviors in Fig. 7 are similar to those in . It is also seen that the absolute values in t will be increased as incident angle increases. In this case, there is no linear dependence (as seen in Fig. 4 ) between the refraction angle t and the magnetic loss m =2.
